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MATHEMATICS ——
(-

Paper : MJ 13-T !
(Single Core Major)

(Metric Space and Complex Analysis)

Full Marks : 60 Time : Three Hours

The figures in the margin indicate full marks.
Candidates are required to give their answers

in their own words as far as practicable.
Group - A
Answer any ten questions : 2x10=20
\)./State Banach fixed point theorem.

\2/ Prove that every convergent sequence is a Cauchy
sequence in a metric space.

3. Prove that composition of two uniformly continuous
functions is also uniformly continuous.

4. Let {x,,} be sequence in X. If the sequence {xn} is
convergent in the metric space (X,d), then for every
particular o € X, the set {d(xn, Q):ne N} is bounded.
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5. Prove that every closed subset of a compact metric
space is compact.

r\ If Az) is an analytic function of z, prove that

@N @N 2 2
mx'~+% [Re f(2)F* =2|f'(2)[ .

7. Let C be the circle of radius 2 with centre at the origin
in the complex plane, oriented in the anticlockwise
dz

direction. Then find the value of the integral ; A!SM
e

/m.\ Define analytic function. Give an example of the function
which satisfies Cauchy Riemann’s equation but not
differentiable.

;\@Aﬁ.:@ necessary and sufficient condition for a function
f(2) to be differentiable.

10. Define the homomorphism of two metric spaces (X, d)

and (Y, p). Give example.

11. Give an example of a complete metric space which is
not compact.

12. Show that set of ratiopal number Q is not complete.

13. In usual metric space R,, prove that the set

mx eR: _x_ > ow is disconnected.
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4. Find the analytic function f for which the real part is
e’ MQN +%Nv8m%+mﬁ\m5%w )

W15 Without evaluating the integration show that

d.
.—.ﬁ NNWH

from z=2 to z=2i that lies in the first quadrant.

T
W where C is the arc of the circle _N_ =2

=

Group - B
Answer any four questions : 5x4=20

L&.\Eba the value of the integral ._; T:.C«I y+ix*)dz along

0
with the real axis from z=0 to 1 and then along with

the line parallel to the imaginary axis from z = 1 to
1+

17. Show that the metric space (C[a,b], d) is complete,
where d(f,g)= mcﬁﬁ_\ﬁ.xv - m@v_ :x€la,b]} for all
f,g €Cla,b], Cla,b] is the collection of all continuous
functions on [a, b].

I8 Prove the Banach fixed point theorem.

\19- Show that the continuous image of a connected set is

connected.
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. Prove that if f =wu+iv is analytic in D then the C-R

equation hold in D. If # and v have continuous first
order partial derivatives in D and the C-R equation hold
in D then f'is analytic in D.

If z, is a point inside the circle of convergence |z | = R
of a power series ) a"(z—2z,)", then the series must
be uniformly convergent in the closed disc _N s No_ <R

where R, = _N_ =~ No_.

Group - C
Answer any fwo questions : 10x2=20
: : ; (z-2)(z+2)
22. Z) T e
(a) Find the series expansion for f(2) (i z+4)
in the regions 1<|z|<4.
(b) Let (X, d) be a metric space and {x,} is a
sequence of elements of X converging to xe X .
Then prove that for any ¢ e.X, the sequence
?Rxﬁoow converges to d(x,a)in the real line.
. 5+5
23. If f(z) is an analytic function within and on a
closed contour C and if a is any point within C,
oo,hrmu,pmf..wwx then show that f(a)= l_ln /(2) dz.
3 &\ 2niJC z—a
N\ § )
e

( 5)
(b) Let A be any non-empty subset of a metric space
(X, d). The function f:(X,d)—> R given by
f(x)=d(x,A4) for all xeX. Then show that

f(x) is continuous on the metric space. 5+5

24. (a) Let d be the standard discrete metric on the set
of natural numbers N and d* be the discrete

1 1

m n

metric on N given by d”(m,n)= , show

that the metrics d and d* are equivalent. Verify d
and @* are not uniformly equivalent.

(b) Let f(z)= ,\_uo\_ , show that f'(0) doesn’t exist
but C-R equations are satisfied at the origin. 6+4

235. 4%88 and proof Cauchy’s integral formula.

(b) Let (X, d) be a complete metric space and

Ac X . Prove that 4 is compact <> 4 is totally
bounded. 6+4

Orrw = -,

2

Ciy
ofE R
L. |
Y
.

NG

_um.......ﬂ._r‘._ H..n.u._...

VN-6/99 - 800



SANTU
New Stamp_1

SANTU
New Stamp_1


