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GROUP-A
1. Answer any FOUR of the following questions: 4x2=8

a) State Hahn-Banach theorem.

b) Let H be a Hilbert space and F be a closed subspace of H. Prove that H = F + F*.

¢) If T € BL(H) is normal, prove that Ker(T) = Ker(T").

d) Give an example of a normed space which is not an inner product space. Justify
your answer.

e) Show that every normed space can be embedded as a dense subspace of a Banach
space.

f) Suppose S € B(H), T € B(H), Sand T are normal, and ST = TS. Prove that S+T
and ST are normal.

GROUP-B

2. Answer any FOUR of the following questions: 4x4=16

a) Let E bea measurable subset of R and for t € E, let x,(t) = t. LetX =
{x € L*(E): x,x € L*(E)} and F:X — I2(E) be defined by F(x) = x1X. Show
that if E = [a, b], then F is continuous, but if E = R, then F is not continuous.

b)Forl < pg = andx = (x1,%z...,%g) In C% what are the best constants ¢
and C such that c|lx|l, < llxllg = Clix|l, forallx € c4,

¢) Show that if X'is a locally compact normed space, then X is finite dimensional.

d) Suppose that X and ¥ are Banach spaces, T:X — Y is a linear map which has a
closed graph. Prove that T'is continuous.

e) Prove that every non-zero Hilbert space has an orthonormal basis.

f) Suppose X and Y are Banach spaces and T € B(X, Y) is injective. If T is bounded
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below then prove that Rang (T) is closed.
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GROUP-C
3. Answer any TWO of the following questions: 2x8=16

a) State and prove open mapping theorem. 2+6
b) Let, {u;, u,, us, ... } be an orthogonal set in an inner product space X and let
ki ks, ks, ... € C.
(i) If ¥%_; k,u,, converges to some x € X, then prove that k,, = (x, u,,) and
ZZ):llknlz < oo,
. (iDIf X is a Hilbert space and Yp-, |k, |* < oo, prove that Y.7°_; k,u, converges
in X. 4+4
c)
(i) Fory € I, define f,(x) = ¥52, x(Dy(j), x € I*. Show that || £, I=1 ¥ lle
and the map F: 1% — (I1)* defined as F(y) = fy is onto.
(ii) A bounded monotone sequence of self-adjoint operators on a Hilbert space
converges strongly. 5+3
d)
(i) Let X be compact and suppose that } is a Banach subspace of C(X). If Eis a
closed subset of X such that for every g € C(E) thereisan f€ Vwithf|E =
g, show that there is a constant ¢ > 0 such that for each g € C(E) there is an f
€ V with f|E = gand max{[f(x)| : x € X} <c¢ max{|g(x)| : x € E}.
(ii) Show that Ker(T) = Ran(T*)* = Ker(T*T) if T € BL(H,K) and H, K are
Hilbert spaces. 5+3




