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CROUP-A

l. Ansrvel any FOUR of the fbllorving questions 4x2:8

a) State Hahr.r-Banacl.r theoretn'

b) Let H be a I-lilbert space and F be a closed subspace of H' Prove that H = F + Fr'

.j f if e BL(H) is normal' prove that Ker(T) : Ker(7.)'

d)Giveanexallpleotuno,n,.aspacewhicl-risnotaninnerprodr.rctSpace.Justify

., lti:Tffitl,.r, nor,r.d space ciin be embedded as a dense sr.rbspace of a Banacr.r

I lplirtpt"r..S € B(ll). I€ B(l-l)' Sand rare nortral' ancl SI: IS' Prove thatS+ I
and SI are normal'

GROUP-B

2. Ansrver an-v FOUR of the follorving qLrestions: 4r,1: l6

a) Let E be a tneasurable subset of lR and fbr r e E'letx1(t) : t' LetX =

{x € L2 (E)t x$ € L')"(;\l t"a r' x ' L2 (E) be defined bv F(x) : xr )r" Shor'v

that if E : la,bl,tf-r.n7 it continuous' bLrt if E = R' then F is not continuous'

b.1 For 1 S p' q s 'o ond ' = (xr' x," ,' 
r2) in Cd' what are the best constants c

and c such trrat cllrti, ' lt'il, s cilxll, for allx e cd'

c) Show that if -X is u r"Jtrrl' t""lp'ttt 'lo''ntispace' 
then I is finite dimensional"

d) Suppose that X and i'are Banach spaces' T:X -+ Y is a linear map which has a

close<1 graph. Pror e thal f ls ct'ltlitttrotts

e) Prove that every non-zero Hilbert space has an orthonormal basis'

t) Suppose X and Y are Banach spaces and T e B(X'Y) is injective' If 7 is bounded

below then prove that Rang(T) is closed'
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GROUP-C

3. Answer any TWO olthe following qr-restions: 2x8-16

a) State and prove open mapping theorem. 2 + 6
b) Let, {ur,ur,us, ...} be an orthogonal set in an inner product space X and let

k1,k2,k3,... € c.

(i) If Iff=l kru, converges to some x e X, then prove that kn: \x,url and

Z?=rlknl' < *.
. (ii)lf X is a Hilberl space and Zff=rlk^l' < oo, prove that f,ff=, kru,, converges

in X" 4+4
c)

(i) For y € l*,define/r(x) : II=, x(j)y(j), x e lt.Show that ll /, ll:ll y ll-
and the map F: l- -, (11)- defined as F(y) : fi is onto"

(ii) A bounded monotone sequence of self-adjoint operators on a Hilbert space
converges strongly, 5+3

d)

(i) Let X be corrpact and suppose that tr/ is a Banach subspace of Cl(,!" lf E is a

closed sr-rbset ofXsuch that for every g € C(f) there is an .f e V wirhJ' E:
g show that there is a constant c > 0 such that for each g e C(E) there is an /
e V withf E -gand max{ll'(x)l :x€.1'} Scmax{lg(x)i :xe E}.

(ii) Show thatKer(T): Ran(T.)L: Ker(T.T)if T € BL(H,K) and H,K are

Hilberl spaces. 5+3
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