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The figures in the margin indicate full marks.
Candidates are required to give their answers
in their own words as far as practicable.

1. Answer any ten questions : 2x10=20

(@) Define divisors of zero in a ring. Show that the ring.
of matrices {| ¢ b :a,be R} contains divisor
2b a ‘
of zero.

~ (b) Find the maximal ideals of Z, the ring of integers
modulo 6. ‘

(c) Prove that a ring R is commutative if and only if
 (a+b) =a?+2ab+b* forall a,beR.
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(d) If a is a fixed element of a ring R, show that
I,={xeR:ax=0} is a subring of R.

() Let R=(Z+,.), R"=(3Z,+,.) and a mapping
@:R—>R be defined by ¢(a)=3a,aeR.
Examine if ¢ is a homomorphism.

@ Let (R, +,.) and (R',+,.) be two rings and
f :R— R’ be a homomorphism. Then prove that

f(=x)=-f(x),xeR.

(2 Show that the solutions of differential equation
2
lewhl Q|.<+ 2y =0 is a subspace of the vector
dx dx

space of all real valued continuous function.

(h) Determine k so that the set S is linearly dependent
in R3, where S={(k, 1, 1), (1, k, 1), (1, 1, )}.

() Find a basis of the subspace W of R®, where

N\um?u y,z)e R’ “uxlwwlnuow.

() Let ¥ be a vector space over the field F and W},
W, be two subspaces of V. Is W,UW, a
subspace of 7? 4

(k) Find a basis for the vector space R> that contains
the vector (1, 2, 0).

(130 )

() Let 7:R*>— R be define by T(x,y)=|x-y]|.
Examine that 7 is a linear transformation or not.

(m) Define rank and nullity of a linear transformation.
(n) Find a linear transformation T : R* — R? such that
T(1,0)=(1,1)and T(0,1)=(-1,2).

(0) Let Vand W mo vector spaces over a field F. Let
T:V—>W be a linear transformation. If

kerT ={6}, then show that T is injective.

2. Answer ,EQ JSour questions : 5%4=20

(a) Prove that any non-trivial finite ring without zero
divisors is a division ring.

(b) Find all maximal ideals of the ring (Z,, +, ).

(c) State and prove third isomorphism theorem for

rings. 1+4

(d) Let V be a real vector space and @, @,, @, €V

satisfying o, +a,+a;=6. Then ?.0.4.0 that
W, =W, =W, where W, is the subspace spanned
by {a,a,}, W, is the subspace spanned by

. QL and W, is the subspace spanned by

{4, o}
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(¢) Let V' be a finite dimensional vector space over the
field F and W be a subspace of V. Then show that

dim V/W=dim V- dim W.

(f) Let T'R® —> B be a linear operator defined by
T{x, %) B30, nr ik, 20,43 +,.auv

for all (x,, x,, x;) €R’. Find T 1.

3. Answer any fwo questions : 10x2=20

(8 (@) Show that (R, +,0) does not form a ring
. where R is the set of all real valued continuous
functions defined on the real line and ‘+’
denotes the po twise addition of functions and

‘o’ denotes the composition of mappings.

(i) Find all the zero divisors in the ring Z, xZ.

@i Let V be the vector space of all 2 x2
matrices over the field Ry Let

&\._uﬁﬁ.x l.«u_xwurnm% mbm
y'

—-a ¢

W, = Ah 5 J |a,be %% Find a basis for

the subspace W, NW,. 4+3+3

(L .5.)
(®) @ Show that 12Z is an ideal of the ring
3z, +, ).

(@) Find all the ideals of the _quotient ring
3Z/12Z.

(i) Let T:R? — R be the linear mapping defined
by _
T(x, y, z)=(3x+z, -2x+y, —x+2y+4z)

for all (x, y, z)€R®. Let B be the standard
ordered basis of R’. If B, ={a, a,, a;} be
an ordered basis of R*® where o =(1, 0, 1),
a,=(-1,2, 1), @, =(2,1, 1), then find an

invertible matrix P such that _
T.r =p! —ﬂ_u% where T,_w_ stands for
the matrix representation of 7" with respect to
B, 34245

(¢) () Let R be a commutative ring with 1. Then
prove that R is an integral domain if and only
if the zero ideal {0} is a prime ideal of R

(i) Let ¥ be a vector spaces over the field F with
dim V' = n. Prove that V is isomorphic with
the vector space F'” over F.
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@ii) Let ¥ be a finite dimensional vector space

over the field F and let 7 be a linear operator
on V such that rank T = rank T?. Then prove

that ker 7NImT ={6}. 3+4+43

@ a Give an example of an infinite ring whose
characteristic is finite.

@) Let 'f:Q—-)S and g:Q— S be two ring
homomorphisms from the field of rationals to
aring (S, +,-). Suppose f(x) =g (x) for all
x € Z. Then prove that f=g.

(iii) Find two linear operators 7, U on the vector

space R? over R such that UT is the zero
operator on ¥V but TU is not the zero
operator on V.

(@iv) Let T be the linear opérator on R? defined
by T (a,b)=(-b,a) for all (a,b)eR’.
Find the matrix representation of T with

respect to the standard ordered basis of R?.
2E3+H3+2



