
Answer any four of the following questions : 4 × 15 = 60

1. (a) Define enumerable set. Prove that the set of all sequences whose elements are 0

& 1 is non-enumerable.

(b) Show that an open interval (a, b) is equivalent to another open interval (c, d).

(c) Let A and B be two non-empty bounded sets of real numbers. Prove that–

(i) If C = {xy : x  A, y B, x > 0, y > 0}

then Sup C = Sup A.Sup B
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(ii) If D = {a – b : a A, b B} then

Sup D = Sup A – Inf B and Inf D = Inf A – Sup B. 5 + 3 + 7

2. (a) Prove that a non-empty bounded closed set is either a singleton or a closed

interval or can be obtained from a closed interval by removing a countable

number of mutually disjoint open intervals.

(b) Let S = { x  R : x6 – x5  100} and T = {x2 – 2x : x  (0,  )}. Prove

that the set S  T is closed and bounded in R.

(c) Prove that every interior point of an infinite set is an accumulation point. Is the

converse true. Justify your answer. 6 + 4 + 5

3. (a) Prove that the necessary and sufficient condition that x0 be an accumulation

point of a set E is that there exist a sequence {xn} of distinct real numbers such

that  0
lim

nx xn   .

(b) Examine whether the following sets are open :

(i) S1 = { x R : 3x2 – 10x + 7 > 0}

(ii) S2 = { x R : cos x  0}

(c) Define compact set. Show that  2

2 :
1

x x R
x




 is compact in R. 5 + 5 + 5

4. (a) If {xn} be a sequence such that  2 12 1 cos
2

n
nx n

      then find 
lim

nxn  .

(b) Let {xn} be a sequence such that x1 = a and 
 2
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3
1 log
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       

where a  1.

Show that  n n
x  is convergent. Find the limit.



(c) If  n n
a  converges to ‘0’ and {bn} is bounded then prove that

 lim 0n na bn   .

(d) If 
lim

nx un    and 
lim

ny wn    and if u < w prove that there exist

m  N s.t. xn < yn for all n > m. 4 + 5 + 2 + 4

5. (a) Let {an}n and {bn}n be two convergent sequences where 
lim

na an   and

lim
nb bn   , then prove that––

(i)
lim _a n an   provided a  0 & an  0 n N  .

(ii)
_lim
n

a n a
n b b

  provided bn  0 for all n N and b  0.

(b) If {xn} be a sequence of real numbers such that  1
lim

n nx x cn      where c

is a positive real number, then prove that the sequence 
nx

n
 
 
 

 converges to c.

(c) If p > 0 and a is a fixed real number, show that  
lim 0

1

a

n
n

n p
  .

6 + 5 + 4

6. (a) Find lim  un and lim  un where un =

(i)    11 1
n

n
    (ii)   1

cos
4

n

n 

(b) If {un} be a cauchy sequence in R having a sub-sequence converging to a real

number I, prove that 
lim

nu In  .



(c) Let 0 < a  1, 1
ax
2

  and  2
1

1
2n nx x a n N     . Show that the sequence

{xn} is convergent and find its limit.

(d) Prove that      
1lim 1 272 1 2 2 .... 2

4
nn n n nn n e

    . 4 + 4 + 4 + 3

7. (a) If 
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
  be two series where 
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  
 . Prove that na  is absolutely convergent but nb

is conditionally convergent.

(b) If nu  be a convergent series of positive real numbers, prove that 2nu  is

convergent.

(c) Test the series nu  for convergence where  
1

log log lognu
n n n

 .

6 + 4 + 5

8. (a) Test the convergence of the following series :

(i)
1 1 1 ........

log2 log3 log4
  

(ii)    
1 1 11 1
3 3 51 1 1 .......

4 4 4

  

  

(b) Test for convergence the series 
2 2 2 2 22

2 2 2 2 2

2 ·4 2 ·4 ·621 ........
3 3 ·5 3 ·5 ·7   

(c) Test the convergence of the series na  where

a_n = 2 n n 
, if n is odd

        2 n n 
, if n is even. 6 + 4 + 5




