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 M.SC. Semester-IV Examination, 2021 

MATHEMATICS 

PAPER: MTM-401 

(FUNCTIONAL ANALYSIS) 

Full Marks: 40        Time: 2 Hours 

Answer any FOUR questions from the following:   4×10=40 

 

1. (a) Let X≠{0} be a normed linear space. Prove that X is a Banach space 

if and only if {x: ‖x‖=1} is complete. 

(b)  Prove that a normed linear space X is finite dimensional if and only if 

the closed unit sphere in X is complete.    5+5 

2. Let H is a Hilbert space and 𝐻∗ be its dual space.If fϵ 𝐻∗ is an arbitrary   

butfixedfunctional, then there exists a unique vector zϵH such that 

f(x)=<x,z> for all x in H , Where z depends on f and has the norm  

‖z‖=‖f‖.           10 

3. (a) State Open Mapping Theorem. Show that 𝑇 ∶ ℝ2 → ℝ be defined by 

𝑇(𝑥, 𝑦)  =  𝑥for (𝑥, 𝑦) ∈ ℝ2 is an open mapping. Is 𝑇−1 bounded, if 

exists? 

(b)Suppose X = C1[0,1], i.e. the set of all functions f: [0,1] → ℂ such that 

f ′  exists and is continuous. Let Y = C[0,1] and let X and Y be equipped 

with supremum norm. Define A: X → Y by Af = f ′ . Show that the graph 

of A is closed.        5+5 

4. (a) Let 𝑋 and 𝑌 be inner product spaces. Then a linear map 𝐹: 𝑋 →

      𝑌 satisfies  𝐹 𝑥 , 𝐹(𝑦) =  𝑥, 𝑦  for all 𝑥, 𝑦 ∈ 𝑋 if and only if it satisfies 

       𝐹(𝑥) =  𝑥  for all 𝑥 ∈ 𝑋, where the norms on 𝑋 and 𝑌 are induced by     

      the respective inner products. 

(b) Let 𝑃 ∈ 𝐵𝐿(ℋ) be a nonzero projection on a Hilbert space ℋand 

 𝑃 = 1. Then show that 𝑃 is an orthogonal projection.  5+5 
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5. (a)Let 𝑋 and 𝑌 be Banach spaces and 𝐴 ∈ 𝐵𝐿(𝑋, 𝑌). Show that there is a 

constant 𝑐 > 0 such that ∥ 𝐴𝑥 ∥≥ 𝑐 ∥ 𝑥 ∥ for all 𝑥 ∈ 𝑋 if and only if 

𝐾𝑒𝑟 𝐴 = {0} and 𝑅𝑎𝑛(𝐴) is closed in 𝑋. 

(b) Let 𝑇 ∶ 𝐶 0,1 → 𝐶[0,1] be defined by 𝑇(𝑡) =   𝑥 𝜏 𝑑𝜏
𝑡

0
. Find 𝑅(𝑇)        

and obtain  𝑇−1: 𝑅 𝑇 → 𝐶[0, 1]. Examine whether𝑇−1 is linear and 

bounded.         5+5 

6. (a) Let the space 𝑙2(ℤ)be defined as the space of all two- sided square 

summable sequences and the bilateral shift is the operator 𝑊on 𝑙2(ℤ) 

defined by 𝑊 … , 𝑎−2, 𝑎−1, 𝑎 0, 𝑎1, 𝑎2 , … =  … , 𝑎−3, 𝑎−2, 𝑎 −1, 𝑎0, 𝑎1, … . 

Prove that 

(i) 𝑊 is unitary, and 

(ii) the adjoint 𝑊∗ of 𝑊 is given by 𝑊∗ … , 𝑎−2, 𝑎−1, 𝑎 0 , 𝑎1, 𝑎2, … =

 … , 𝑎−1, 𝑎0, 𝑎 1 , 𝑎2 , 𝑎3, … . 

(b) Show that < 𝐴𝑒𝑗 , 𝑒𝑖 >= (𝑖 + 𝑗 + 1)−1 for 0 ≤ 𝑖, 𝑗 ≤ ∞ defines a 

bounded operator on 𝑙2(ℕ ∪ {0}) with ∥ 𝐴 ∥≤ 𝜋.   7+3 

7. (a) When is a series in a normed linear space said to be convergent and 

absolutely convergent? Prove that a normed linear space 𝑋 is a Banach 

space if and only if every absolutely convergent series in 𝑋  is 

convergent. 

(b) If  𝑥𝑛
∞
𝑛=1  be an absolutely convergent series in a Banach space X 

then show that ∥  𝑥𝑛
∞
𝑛=1 ∥≤  ∥ 𝑥𝑛 ∥∞

𝑛=1     7+3 

8. (a) If M is a closed linear subspace of a normed linear space N and u is a 

vector not in M , then there exists a functional g in 𝑁∗ such that g(M)=0 

and g(u)≠0. 

(b) If f is a non-zero linear functional on an infinite dimensional linear 

space X, does there exist a norm on X such that f is discontinuous?   

  5+5 
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