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PAPER: MTM 101
(REAL ANALYSIS)

Full Marks: 50 Time: 2 Hours

Answer any FOUR questions of the following: 10X4=40

1. a) Show that the conditions
i)d(x,y) = 0iffx =y (x,y € X) and
) dx,y) <dxy) +d(y,z),vxy,z € X
are not sufficient to ensure that the map d: X X X - R is a metric on the
set X.

b) Show that the function d:C[0,1] X C[0,1] » R defined by d(f g) =
inf{|f(t) — g(t)]:t € [0,1]} where f,g € C[0,1](=the set of all real valued
continuous function over [0,1]) is not a metric on C[0,1].

c) 1) Define an equivalent metric.

i) Prove that two metrics d; and d, on a non-empty set X are equivalent if
there exist real numbers r,s >0 such that d,(x,y) <rd,(xy)
andd,(x,y) <sd;(x,y) Vx,y € X. 3+2+(2+3)

2. a) i) Define a finite intersection property.
i) Prove that a metric space (X,d) is compact if and only if for every
collection of closed set {F,:a € A} in X possessing finite intersection
property, the intersection N,ex F, Of the entire collection is nonempty.

b) i) Prove that any continuous function on a compact metric space (X,d;) to a
metric space (Y,d,) is uniformly continuous.

ii) Determine whether the set S = {(x,y):0 < x < 1,x? + y? = 4} is compact
in RZ. 2+3)+(B3+2)

3. a). Prove that (X,d) is connected iff the only subsets of X, both open and
closed, are X and ¢.
b). Show that every continuous function f:[—1,1] - [—1,1] of the closed
interval [—1,1] into itself has at least one fixed point, i.e., 3 x € [—1,1] such
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that f(x) = x.
c). Examine whether the following subsets of R? (with usual metric) are
connected.

NA={(,y):x>0 x2+y2 <1} U {(x,y):x <0, x> +y? <1}.

iN)B={(x,y):x=00<y<1} U {(x,y):0<x<1,y=0}

3434+(2+2)

. Examine if the following statements are true or false with proper justification.
2x5=10

i) Every Cauchy sequence is convergent in (IR, d), where d(x,y) = |x — y| for

x,y €R.

i) Let X denote the set of all Riemann integrable functions on [a, b]. (X,d) is a

metric space where d(f,g) = ff |f(x) —g(x)|dx for f,g € X.

iii) A is a compact set in a metric space (X,d) and b € X \ A. Then does not
exists any point a € A such that d(a, b) = d(A4, b).

iv) Let A and B be two closed sets in a metric space (X, d,) such that X =
AUB,andletf:A - Y and g: B — Y, where (Y, d,) is a metric space, be
continuous maps such that f(x) = g(x),vx € ANB. Thenthemap h: X - Y,

defined by h(x) = {ggg i;i E g

v) For any subset A € X, y, € Lg. Where y,(x) = {

IS continuous.

lifxeA
Oifxg A
class of all non-negative simple measurable functions on X.

and LL§ is the

. a). Establish a necessary and sufficient condition for a function f: [a, b] - R to
be a function of bounded variation on [a, b].

b). Show that the set of all functions of bounded variation on [a, b] forms a
vector space under usual addition and multiplication by scalars. 5+5

. a). If f € R(a) on [a,b], then show that @ € R(f) on [a, b]. Also show that
[} fda+ [ adf = f(B)a(d) - f(@a(a).

(b). Show that every finite sum of real numbers can be expressed as the R-S
integral over some interval. 5+5

. a). Suppose f:X — [0,0] is measurable and ¢(E) = fEf du for every
measurable set E in X. Show that ¢ is a measure and [ g d¢ = [ gf du for
every measurable function g on X with range in [0, o].
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b). If f,: X = [0, ] is measurable for n =1,2,3, ..., and f(x) = Yp=1 fn(x),
x € X, then show that [ f du = Yo, [ f,, dp. 5+5

8. (). Let f(x) = xip if 0<x<1and f(0) =0. Find necessary and sufficient
condition on p such that f € L'[0, 1]. Compute folf(x)/l(x) in that case.

(b). Evaluate the following: J” 2 cosx d(2x + [x]). 7+3
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