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Fu]lA Marks : 60 _ ‘Time : 3 Hours

The figures in the margin indicate fuII marks.
Candidates are required to give their answers
in their own words as far as practzable
lllustrate the answers wherever necessary.

Group Theory - I
Unit - I
1. Answer any two questions : ' 2x2=4

(a) Define Dihedral group.

() Let G be a group and aeG, 00 = 12 Find
0(a®) and 0(a$). :

(©) Let (G o) be agroupand a, beG.Ifa2=¢
and 2 o b? o a = b3, prove that b’ = e.
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. 2. Answer any one question : 5x1=5

. (@) Let G={(Z :) aeQ*},

where Q* = Q - {0}. Then prove that G is an
-abelian group with respect to multiplication of
matrices.

(®) Let (G o) be a semigroup and for any two
elements a, b in G, each of the equations
acx=bandyca=b has a solution in G Prove
‘that (G o) is a group.

Unit - II
3. Answer any two quesﬁons : ; 2x2=4

(a) Let G be a group. Show that the centre of the
group G is a subgroup of G

(b) Prove that centralizer of an element in a group
G is a subgroup of G

(c) Show by an example that a non abelian group
can have an abelian subgroup. :

(87l
4. Answer any fwo questions : ! 2x5=10

(a) Let H andK are subgroups of a group G such

that HK = {hk : heH and keK} is. a
subgroup  of G Then prove that

O(H)O(K)
b O0HNK)"

(b) Define centre of a group G. Find centre of S,.
(c) Let (G, ) beanabehangroupandnbeaﬁxed
positive integer. Let H {a” ‘ae G}. Prove that
(H,°) is a subgroup of (G, o).
Unit - III
5. Answer any two quesﬁoﬁs : | 2x2=4
() Find all orders of subgroups of the group Zy

(b) Find all left cosets of H={0, 3} in the group
G = Z4 .

© If S={l,a,a?,..a!"} form a cyclic group
generated by o under multiplication then find
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O0(A) where A-—cg*s is a subgfoup of

(8,0).

6. Answer any one question : 10x1=10

(@ (i) If G be a cyclic group of prime order p,
prove that every non-identity element of G
is a generator of the group. 5

(ii) Prove that the order of a permutation on a
finite set is the l.c.m. of the lengths of its
disjoint cyclesf . 5

(b) (i) Prove that in a finite group G, order of any ‘

- subgroup divides order of the group G Does
the converse true ? Justlfy your answer with
example. 5+1

(ii) Let G={(1 ?):aez}. Prove that G is

0
a cyclic group with respect to the usual
multiplication of matrices. 4
Unit - IV

7. Answer any two questions : 2x2=4

(@) Prove that if H has index 2 in G, then H is
normal in G

8. Answer any one question :
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(b) Write down all the elements of the factor group

G/H and also Cayley table
G= Z6 and H={O, 3}

(c) Show that alternating group of symmetric group
of degree three is normal subgroup.

10x1=10

(@ () Let G be a cyclic group of order 12
generated by a and H be the cyclic’
subgroup of G generated by a*. Prove that
H is normal in G. Verify that the quoﬁent
group % is a cyclic group of order 4. 6

(i) Prove that enery group of order p? is
abelian, where pio a prime. 4

(b) G Find the number of elements of order 5 in

lexZ A Lt WS

@ Let G, and G, be two groups and
G=G, xG,be the direct product of G,
~ and G Prove that H, = {(gl, €)' ]

g eGl, e, = identity of G,} and
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' Hz ={(a1, 22)122, €6y, ¢ = identity of G}
‘are normal subgroups of G

Unit - V
9. Answer any two questions : L 2%0=4
(@) If $:G — G’ be a group homomorphism, prove
~ that ¢(e) = ¢ and dx) = oL vxeG.

(b) Let G = S;, G'=({1,-1},+) and a mapping
-~ $:G > G’ be defined by »

8(0) -1, if a is even permutation in S,
a)=
, 1, if ais odd permutation in S;

Examine_ if ¢ is a homomorphism.

(c) Show that the groups (Q, +) and (R, +) are not
isomorphic. =

10. Answer any one question : 1x5=5

_ (a) State and prove first isomorphism theorem on
groups. 1+4

(b) Find all homomorphisms from the group Zg, +)
to (Zg, ). 5



